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Abstract This paper deals with the modeling of a multibody system in which some pairs of bodies are
connected by more than one joints with the same kinematic constraints. In such system, the redundant joints
must be removed out artiﬁcially to ensure the solvable condition of the equations of motion being satisﬁed. It
is believed but not obvious that the redundant joints have no eﬀect on the system acceleration. We give a strict
positive proof of this argument and present a method to avoid the ambiguity in the reaction forces of redundant
joints through contact analysis of joints. c© 2012 The Chinese Society of Theoretical and Applied Mechanics.
[doi:10.1063/2.1206302]
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A multibody system is usually considered as the system
in which any pair of bodies is linked by one joint.1 However,
in many actual mechanical systems, some pairs of bodies
are connected by two or more joints to strengthen the struc-
ture or to reinforce the kinematic constrains. In the tradi-
tional theory, these joints are treated as one equivalent joint.
The most convenient way to choose the equivalent joint is to
keep only one joint and ignore all the others. As a result, the
equivalent joints are not unique.
It was believed that the dynamic response of a multibody
system is unaltered, no matter which joint is kept in the sys-
tem, but the strict proof was not given. Another fundamental
problem is how to determine the reaction forces of these re-
dundant joints. They are usually considered as non-unique
if the two contiguous bodies are rigid.2,3 But this judgment
may be not true. The aim of this paper is to give answers to
such fundamental problems.
The diﬀerent choices of the equivalent joint are rep-
resented by the diﬀerent groups of independent joint con-
straints among the redundant constraints. In general, the
equations of motion of a constrained multibody system can
be written in the form as follows
⎡⎢⎢⎢⎢⎣ M G
T
G 0
⎤⎥⎥⎥⎥⎦
⎛⎜⎜⎜⎜⎝ q¨
λ
⎞⎟⎟⎟⎟⎠ =
⎛⎜⎜⎜⎜⎝ F
ζ
⎞⎟⎟⎟⎟⎠ , (1)
where q is the generalized coordinates of the induced system
with tree structure, λ is the Lagrange multipliers represent-
ing the reaction forces of the cut-joints, F is the generalized
forces acting on the system, G is the Jacobian matrix of the
constraint equations and Gq¨ − ζ = 0 is the constraint equa-
tions of system accelerations q¨.
The mass matrix M is usually positive deﬁnite. In this
case, the necessary condition of Eq. (1) being solvable is the
row’s rank of G being full. Therefore, when system con-
straints are redundant, they must be replaced by a group of
independent constraints.
From the same set of system constraints, diﬀerent group
of independent constraints can be picked out to formulate
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Fig. 1. Three doors connected by six revolute joints.
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Fig. 2. One way to remove redundant joints.
the Jacobian matrix G. Whether or not these independent
constraints have the same dynamic eﬀect on the multibody
system is a fundamental question. It was believed that the
answer should be positive, but diﬀerent results can be ob-
served in practice, as the following example shown.
As shown in Fig. 1, three doors connected by six rev-
olute joints move in space under the action of torque M(t)
on the ﬁrst door. Obviously, there are three redundant revo-
lute joints in this system. They should be removed in order
to satisfy the solvable condition of the equations of motion.
At least two sets of independent constraints can be picked
out. The ﬁrst set consist of joints H1, H4 and H5 as shown
in Fig. 2. The second set consist of joints H2, H3 and H6 as
shown in Fig. 3.
Figure 4 is the horizontal coordinates of the door B2’s
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Fig. 3. Another way to remove redundant joints.
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Fig. 4. Numerical results corresponding to diﬀerent set of indepen-
dent constraints.
mass center obtained by ADAMS, in which the curve with
solid lines and the curve with sample points “” represent
the solutions with respectively the ﬁrst and second set. It is
seen that the two curves are obviously not coincident.
Matrices G and G¯ are assumed to be the Jacobian ma-
trix of two sets of independent constraints respectively, they
must contain the same number of rows and their row’s rank
are full, because the number of independent constraints is
unaltered in the two sets. Accordingly, there is a square ma-
trix A with full rank relating G and G¯ as
G¯ = AG. (2)
If the constraint equation of q¨ can be written as
Gq¨ = ζ, (3)
in terms of Jacobian matrix G¯, the constraint equation of q¨
is transformed into the form as
G¯q¨ = Aζ, (4)
and the equation of motion can be rewritten as
Mq¨ + G¯Tλ = F, (5)
G¯q¨ = Aζ. (6)
By Eq. (5), one can obtains
q¨ = M−1
(
F − G¯Tλ
)
. (7)
Substituting it into Eq. (6), yields
G¯M−1G¯Tλ = Aζ − G¯M−1F. (8)
Since G and G¯ are related each other by Eq. (2), Eq. (8) can
be rewritten as
A
(
GM−1GT
)
ATλ = A
(
ζ − GM−1F
)
. (9)
Because A and GM−1GT are all invertible matrix, the La-
grange multipliers λ can be obtained by the above equation,
i.e.
λ = A−T
(
GM−1GT
)−1 (
ζ − GM−1F
)
. (10)
By substituting Eq. (10) into Eq. (7), one can obtain the sys-
tem accelerations as
q¨ = M−1
[
F − GT
(
GM−1GT
)−1 ·
(
ζ − GM−1F
)]
. (11)
Due to that matrix A has no part in the ﬁnal expression of
q¨, we can conclude that theoretically any set of independent
constraints will results in the same system accelerations.
However, numerical features of the equations of motion
may be changed by diﬀerent sets of independent constraints,
and this is the reason why the two curves in Fig. 4 are obvi-
ously diﬀerent. We reanalyze the above example with more
tight integration tolerance to validate this argument and the
new results are shown in Fig. 5. They are identical this time,
as the theory predicts. This example reminds us the inte-
gration parameters may have great eﬀect on the numerical
results, and at least twice numerical analysis is necessary to
ensure the obtained results being valid.
As indicated by Eq. (10), joint reaction forces are depen-
dent on the choice of independent constraints. For examples,
if we remove the redundant joints in the manner as shown in
Fig. 2, reaction forces of joints H2, H3 and H6 are all null,
but they will be nonzero if we remove redundant joints in the
manner as shown in Fig. 3. In the two cases, in spite of dif-
ference in the value of joint reaction forces, the two group of
joint reaction forces result in the same system accelerations,
which indicates some insight relations between them.
It is a misunderstanding that joint reaction forces are the
contact forces acting at the joint deﬁnition point. An ob-
vious reason is that the joint deﬁnition point may be not a
contact point between two bodies. For example, the deﬁni-
tion points of revolute joints, sphere joints and cylindrical
joints are usually selected as their geometric centers that are
all inside points and impossible to contact with any bodies.
Another fact that is conﬂictive to the argument is the joint
deﬁnition point may not be a unique contact point, and it is
quite common that many pairs of contact points occur in one
joint.
In fact, joint reaction force results from the correspond-
ing contact forces. Viewed as a force system, joint reaction
forces are the resultant of contact force system with respect
to the joint deﬁnition point. Therefore, in the example illus-
trated in prevous, reaction forces of joints H1, H4 and H5 are
equivalent respectively to that of joints H2, H3 and H6.
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Fig. 5. Numerical results corresponding to diﬀerent set of indepen-
dent constraints.
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Fig. 6. Contacts in a revolute joint.
Moreover, contact forces and contact points can be de-
termined by joint reaction forces, as the following example
reveals.
A revolute joint consists of a pair of bearing and a jour-
nal. On its journal there are four possible contact points lo-
cated respectively at the centers and the boundary of the two
end cross sections, as illustrated in Fig. 6. At the centers of
the end cross sections, the contact forces are horizontal and
can be expressed as
gn3 = g3e1, gn4 = −g4e1. (12)
Due to the axial clearance, the journal cannot contact the
left and right wall of the bearing simultaneously. Therefore,
g3 and g4 satisfy the complementary condition
0  g3⊥g4  0. (13)
The normal contact forces exerted on the journal can be
expressed as
fn1 = − f1 cos θ1e3 − f1 sin θ1e2, (14)
fn2 = − f2 cos θ2e3 − f2 sin θ2e2, (15)
where θ1 and θ2 are orientation angles of the two contact
points, f1 and f2 are the magnitude of the contact forces, r
is the radius of the journal. At the center of the joint, the
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Fig. 7. A door with two revolute joints.
joint reaction force and torque can be written respectively in
terms of their components fc1, fc2, fc3 and mc1, mc2, mc3 as
fc = fc1e1 + fc2e2 + fc3e3, (16)
mc = mc1e1 + mc2e2 + mc3e3. (17)
They are equivalent to the contact force system, i.e.
fn1 + fn2 + gn3 + gn4 = fc, (18)
ce1 × ( fn1 − fn2) = mc, (19)
which yields
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
fc2
fc3
mc2
mc3
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 −1 0 −1
−1 0 −1 0
−c 0 c 0
0 c 0 −c
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
f1 cos θ1
f1 sin θ1
f2 cos θ2
f2 sin θ2
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (20)
The solution of this equation can be obtained analyti-
cally, in which the contact forces can be written as
f1 = f2 =
1
2c
√
c2 f 2 + m2, (21)
where f 2 = ( fc3)2 + ( fc2)2, m2 = (mc3)2 + (mc2)2, and the
angles locating the contact points can be expressed as
θ1 = atan2 (−c fc2 + mc3,−c fc3 − mc2) , (22)
θ2 = atan2 (−c fc2 − mc3,−c fc3 + mc2) . (23)
In the case of fc1 > 0, the horizontal contact forces are ob-
tained as
g3 = fc1, g4 = 0. (24)
In the case of fc1 < 0, the horizontal contact forces are
obtained as
g4 = − fc1, g3 = 0. (25)
Formulations of contact forces vary with types and sizes of
joints, but the principle is invariant.4
According to traditional theory, reaction forces of redun-
dant joints are uncertain. This argument may be not true,
depending on the explanation of joint reaction forces.
When two joints are installed between two bodies, the
contact situation in the joint diﬀers from that of a single joint.
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Fig. 8. Contact situation in the two revolute joints linking up a
same pair of bodies.
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Fig. 9. Composed joint of the two individual joint.
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Fig. 10. Constraint forces in the each joint.
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Fig. 11. Contact forces in joint H1.
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Fig. 12. Contact forces in joint H2.
As an example, we consider a system of two revolute joints
linking up the same pair of bodies, as shown in Fig. 7. In this
case, the two rotational axes must be parallel to each other;
otherwise the two revolute joints would not be compatible.
In each joint there is only one end cross section that can
contact to the bearing, as illustrated by Fig. 8. However,
the two joints as a whole, is the same as a single integrated
revolute joint with 2 (c1 + c2 + d) in length, where c1 and
c2 are the length of the two joints respectively and d is the
distance between the nearest end sections of the two joints.
Therefore, if we regard joint reaction forces as resultant con-
tact forces, as they should be, we can determine the contact
forces.
A door, with 0.2 m in length and 0.5 m in height and
0.02 m in thickness is connected to a frame by two revolute
joints H1 and H2 as shown in Fig. 7. The distance from the
top section of H1 to the bottom section of H2 is 0.2 m, and
the radius of the two joints are all 0.001 m. The mass density
of the door is 7 800 kg/m3. The door moves by the gravity
and torque M(t) = 10 cos(2t).
Instead of removing a redundant joint as usual, we inte-
grate the two joints into a single joint, as shown in Fig. 9.
The reaction forces of the composed joint can be viewed
as the resultant contact forces in two individual joint, as
shown in Fig. 10 in which f2y vanish according to Eqs. (24)
and (25).
The reaction forces of the composed joint are obtained
by the traditional method ﬁrstly, and then the contact forces
in each individual joint are obtained according the presented
method, as shown in Figs. 11 and 12.
If the system is modeled by removing one joint, the re-
action forces of another joint will vanish, which is obviously
not true.
Redundant joints have no eﬀect on the system accelera-
tion, but they would result in uncertain joint reaction forces
if we explain the joint reaction forces as contact forces be-
tween the two bodies linked up by the joint. However, joint
reaction forces are actually the resultant contact forces in the
joint. With this fact, the contact forces and contact points
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in joints can be determined by joint reaction forces. In this
way, the ambiguity of reaction forces of redundant joints can
be avoided.
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